In the article, we prove that the double inequality 25/16 < E(r)/S 5/2,2 (1, r ) < π/2, holds for all r ∈ (0, 1) with the best possible constants 25/16 and π/2, where r = (1 − r 2 ) 1/2 , E(r) = π/2 0 1 − r 2 sin 2 (t)dt, is the complete elliptic integral of the second kind and
Introduction
For r ∈ (0, 1), the complete elliptic integrals K(r) and E(r) [1] of the first and second kinds are respectively given by is the Gaussian hypergeometric function, (a) n = Γ (a + n)/Γ (a) and Γ (x) = ∞ 0 t x−1 e −t dt (x > 0) is the gamma function. We clearly see that K(r) and E(r) satisfy the identities
It is well-known that the double inequality
holds for all r ∈ (0, 1) (see [12, 19.9.4 
]). Here and in what follows
The first inequality of (1.2) is due to Qiu and Shen [13] and the second inequality of (1.2) is due to Barnard et al. [2] . In [4, 5] , the authors proved that the inequalities
3)
hold for all r ∈ (0, 1), where
are the arithmetic, geometric, quadratic and p-th Lehmer means of a and b, respectively.
Let p, q ∈ R with p = q and pq = 0, and a, b > 0. Then the Stolarsky mean S p,q (a, b) [14] is defined by
Recently, the Stolarsky mean S p,q (a, b) has attracted the attention of many researchers. In particular, many remarkable inequalities involving the Stolarsky mean S p,q (a, b) can be found in the literature [6] [7] [8] [9] [10] [11] .
The main purpose of this paper is to present the best possible constants λ and µ such that the double inequality λ < E(r)/S 5/2,2 (1, r ) < µ, holds for all r ∈ (0, 1). Some complicated computations are carried out using Mathematica computer algebra system.
Lemmas
Lemma 2.1 ([3] ). Let A(t) = ∞ k=0 a k t k and B(t) = ∞ k=0 b k t k be two real power series converging on (−r, r) (r > 0) with b k > 0 for all k. If the non-constant sequence {a k /b k } ∞ k=0 is increasing (decreasing) for all k, then the function t → A(t)/B(t) is strictly increasing (decreasing) on (0, r).
Lemma 2.2 ([5]). The inequality
holds for all a, b > 0 with a = b.
Lemma 2.3. Let n = 1, 2, 3, · · · , and u n and v n be defined by
Then the non-constant sequence {v n /u n } ∞ n=1 is increasing for all n 1.
Proof. Let
Then it follows from (2.1) that
Elaborated computations lead to
, w 4 = 21 512000
, w 5 = 47 1310720 , (2.4)
, (2.5)
for all n 12. Therefore, Lemma 2.3 follows easily from (2.2), (2.3), (2.4), (2.5), (2.6), (2.7).
Lemma 2.4. The inequality
holds for all x ∈ (0, 1).
Proof. It follows from (1.5) that
Lemma 2.5. Let f(x) and g(x) be defined by
Then there exists x 0 ∈ (0, 1) such that f(x) > g(x), for x ∈ (0, x 0 ) and f(x) < g(x), for x ∈ (x 0 , 1).
Then elaborated computations give
, Proof. Let r ∈ (0, 1), u n and v n be defined by (2.1) and
Then it follows from (1.1), (1.5), (2.1), (3.1) and (a) n = a(a + 1) n−1 that
2)
From Lemmas 2.1 and 2.3 , (3.1), (3.2), (3.4) and (3.5) we know that F(r) is strictly increasing on (0, 1) and
Equations (3.1), (3.3) and (3.6) together with the monotonicity of F(r) on the interval (0, 1) lead to the conclusion that
It follows from (1.5) that
for r ∈ (0, 1) and
Therefore, Theorem 3.1 follows from (3.7), (3.8), (3.9).
From Theorem 3.1 we get Corollary 3.2 immediately.
Corollary 3.2. The double inequality
holds for all r ∈ (0, 1).
Corollary 3.3. The inequality
Proof. Let r ∈ (0, 1), F(r) be defined by (3.1) and H(r) be defined by
We clearly see that the function r → 1 − S 5/2,2 (1, r ) is strictly increasing from (0, 1) onto (0, 9/25). From the proof of Theorem 3.1 we know that F(r) − 1 is strictly increasing from (0, 1) onto (0, 2(8π − 25)/(9π)). Then (3.11) leads to the conclusion that H(r) is strictly increasing from (0, 1) onto (0, 16/25 − 2/π) and
for all r ∈ (0, 1). Therefore, Corollary 3.3 follows from (3.10) and (3.12). 
Corollary 3.7. The double inequality
Proof. Let u n , v n and w n be respectively defined by (2.1) and (2.2) and σ n be defined by σ n = v n − u n . (3.13)
Then it follows from (2.1), (2.2), (2.3), (2.4), (2.5), (2.6), (2.7) and (3.13) that
14) for r ∈ (0, 1). Therefore, Corollary 3.7 follows easily from (3.18) .
